A polymer crystallization kinetics model is the most important way to characterize the crystallization rate of polymers. Because polymers are poor heat conductors, the cooling of thick-walled shapes results in temperature gradients. Piorkowska (Piorkowska, E. J. Appl. Polym. Sci., 2002, 86: 1351-1362 derived the probabilistic analytical model of polymer crystallization in temperature gradients based on the Avrami equation. However, there are some misunderstandings when using this model. Here, isotactic polypropylene (iPP) is chosen as a model polymer and its crystallization is studied in a temperature gradient field. Based on the results of the Monte Carlo method, the probabilistic model methodology is discussed. The results show that when the product has a large temperature gradient and a large temperature difference, the probabilistic model cannot be used directly; instead, it is necessary to use the average probabilistic model. This means that the sample should be divided into several smaller parts and the probabilistic model used separately for each small part. The values are then averaged to obtain the mean conversion degree of the melt into spherulites for the whole product. The effects of the division number are also discussed. The goal of the present paper is to better understand the polymer crystallization kinetics model in terms of temperature gradients.
Introduction
In the past few decades, polymers have played an important role in industry because of their excellent properties [1, 2] . Many polymers have the ability to crystallize. For crystalline polymers, the crystallization behavior is the key factor affecting their microstructure and determining the final properties of the polymer products [2] . During polymer processing, crystallization mainly occurs during the cooling stage. Polymers are poor heat conductors, and thus the cooling of thick-walled shapes results in temperature gradients [3, 4] . Moreover, the latent heat generated by crystallization causes an increase in temperature, which aggravates the temperature gradient. Therefore, it is of great significance to study polymer crystallization in terms of temperature gradients.
The polymer crystallization kinetics model is an important way to characterize the crystallization rate of polymers. Piorkowska derived the probabilistic analytical model of polymer crystallization in temperature gradients based on the Avrami equation [5, 6] . Piorkowska found that in the numerical simulation of isotactic polypropylene (iPP) under a uniaxial temperature gradient, the probabilistic analytical model did a good job of predicting the conversion degree compared with the experimental results in the case of low nucleation density with the central temperature set as T 0 > 125 • C. However, in our previous study [7, 8] , we found that the conversion degree predicted by the probabilistic model was far from that obtained by the Monte Carlo results at low central temperatures (T 0 ≤ 125 • C) and high temperature gradients. Therefore, there are some misunderstandings when using the probabilistic model. A thorough investigation of this model should be conducted.
The crystallization kinetics model is very important in polymer crystallization studies not only on the mesoscopic scale for isothermal or nonisothermal cases but also in multi-scale studies in conjunction with energy equations [2, [9] [10] [11] [12] [13] [14] [15] . Therefore, this paper takes iPP as the model polymer and discusses the way of using the probabilistic model under temperature gradients based on our previous work.
The objective of this paper is to discuss the methodology of the probabilistic model proposed by Piorkowska [5] . The structure of this paper is as follows: In Section 2, we mainly introduce the probabilistic model, the nucleation and growth model of iPP, and the Monte Carlo method; in Section 3, we present the poor results that occur when using the probabilistic model directly, the methods used to overcome these problems, and the effects of the division number; in Section 4, we give the conclusion of the paper.
Mathematical Model and Numerical Method

Probabilistic Model
Piorkowska derived the probabilistic analytical model of polymer crystallization in temperature gradients based on the Avrami equation [5] . The method was based on the "extended volume" method, which did not consider the impingement between grains and considered the growth space to be infinite and unrestricted.
For the two-dimensional case, considering the growth morphology shown in Figure 1 , the polymer tends to form anisotropic spherulites in a temperature gradient. The "extended volume" of a single crystal is
Here,
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Mathematical Model and Numerical Method
Probabilistic Model
Here, From Figure 1 , we know that From Figure 1 , we know that dx/dr = cos θ dr = G r dt
Here, G r is the radial growth rate of the crystal. By integration, we obtain where t is the crystallization time. Equation (4) is equivalent to
Therefore, the "extended volume" of a single crystal is
Because the system has a nucleation density of D, the "extended volume" of all crystals is [5] E(x 0 , t) = 2
x 0 +r(0,t)
The relationship between the "extended volume" and the conversion degree satisfies the Avrami equation, which is [6] 
where α is the conversion degree of the crystals. Equations (7) and (8) are the probabilistic model proposed by Piorkowska [5] . The reason for calling probabilistic model is probably because the result is deduced by the probability of amorphous phase (1 − α) which no crystallization occurs in the volume except the extended volume. This model did a good job of predicting the conversion degree compared with the experimental results [7] in a uniaxial temperature gradient with the central temperature set as T 0 > 125 • C.
Nucleation and Growth Model of iPP
Here, we take iPP as a model polymer and discuss the crystallization kinetics model in temperature gradients. We assume that the temperature gradient is in the x direction and the temperature T obeys a linear distribution, namely, T = T 0 + Λ · x, where T 0 is the central temperature and Λ is the temperature gradient [5] . The nucleation and growth model given here are fitted by the experiment results, which are [5, 16] D = exp[111.265 − 0.2544(T + 273.15)]/mm 3 (9)
Here, D is the nucleation density and G n is the normal growth rate. The parameters in Equation (10) are: U * is an energy parameter similar to an apparent activation energy of motion, R g is the gas constant, T ∞ = T g − 30 is considered the temperature at which no further molecular displacement is possible (T g is the glass transition temperature), and G 0 and K g are experimentally determined constants. For a given iPP, the parameters are as follows: U * = 6279 J/mol, R g = 8.314472, T ∞ = 231.2 K, T 0 m = 458.2 K. K g and G 0 depend on the regime of crystallization: K g = 1.47 × 10 5 K 2 , G 0 = 0.3359 cm/s, (T ≥ 136 • C); K g = 3.3 × 10 5 K 2 , G 0 = 3249 cm/s, (T ≤ 136 • C) [5, 7] .
As shown in Figure 1 , the relation between the normal growth rate, G n , and the radial growth rate, G r , is given as follows [17, 18] :
with r = dr/dθ. 
Monte Carlo Method
The Monte Carlo method we use here is consistent with our previous paper [8] . Here, we briefly introduce this method. Crystallization follows the steps of nucleation and growth.
At the beginning, the sample is assumed to be melt and is divided into equally sized cells with the total cell number N tot . At t = 0 s, the nucleation is randomly generated according to the nucleation density formula. Each nucleus is distinguished by a color. For each time step ∆t, the radius of each crystals is calculated and several random numbers N rand are generated to see if it is covered by a crystal and given the same color. This cycle lasts until t = t end .
It should be noted that in calculating the conversion degree of the crystals, we use the following spherulite occupancy ratio:
Here, N s is the number of cells that are occupied by spherulites. The conversion degree of the crystals is related to the position of nuclei and the growth of spherulites. Therefore, this value is a random one. The random error can be overcome by averaging the multiple numerical experimental data. In this paper, since the nucleation number is large, the random error is relatively small. Therefore, the results given in this paper are the results of one numerical test.
The method of mesh generation and implementation of Monte Carlo method are not described here. We refer our previous work [8, 19, 20] for more details. The validity of our Monte Carlo method is proven in our previous work by the comparison of the experimental result taken by Pawlak and Piorkowska and the numerical work taken by Ouyang et al. [3, 7, 8] .
Results and Discussion
In this section, we first examine the performance of the probabilistic model when used directly in three nucleation density distributions: uniform distribution, a linear relationship with the normal growth rate case, and an exponential relationship between temperatures case. Then, we give a way to overcome the problem and the correct way to use the probabilistic model. Finally, we discuss the effects of the division number and the proper value of this number in the simulation.
The dimensions of the iPP sample are 600 µm × 600 µm × 11 µm. We treat the sample as two-dimension because it is very thin. The parameters used in our simulation are set as follows: total number of cells N tot = 400 × 400, total random points N rand = 800, 000, time step size ∆t = 0.5 s, divisional number in θ direction M = 100, and initial radius of the spherulites r 0 = 0 at t = 0 s.
Performance of Probabilistic Model When Used Directly
Nucleation Density Obeys Uniform Distribution
Here, we assume the nucleation density is uniformly distributed. The nucleus center is random in the whole part, regardless of the temperature gradient. This nucleation is ideal because in most polymers, nucleation is temperature-dependent. The reason is that the probabilistic model is based on the Avrami equation while the latter required the nuclei distributed randomly in the sample. Figure 2 shows the crystal morphology predicted by the Monte Carlo method with a central temperature T 0 = 120 • C and nucleation densities of D = 100/mm 2 and D = 1000/mm 2 . In our method, different spherulites are distinguished by different colors. The white background represents the melt. For the isothermal case in Figure 2a , we add a color legend to see the color assignment. We label the nucleus roughly from left to right, thus it appears that the color is related to the direction. However, the color values have no meaning, just to distinguish different crystals. It is clear that the higher temperature gradient leads to a colder temperature on the left side and a higher temperature on the right side. However, the higher temperature on the right side is not suitable for crystallization, thus leading to a decrease in the overall crystallization rate. our method, different spherulites are distinguished by different colors. The white background represents the melt. For the isothermal case in Figure 2a , we add a color legend to see the color assignment. We label the nucleus roughly from left to right, thus it appears that the color is related to the direction. However, the color values have no meaning, just to distinguish different crystals. It is clear that the higher temperature gradient leads to a colder temperature on the left side and a highe suitable for crystallization, thus leading to a decrease in the overall crystallization rate. Figure 3 shows the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the probabilistic model at different nucleation densities. According to Figure 3 , the results of the probabilstic model agree well with the Monte Carlo results for the isothermal (Λ = 0 K/mm) and lower temperature gradient (Λ = 10 K/mm) cases. However, when the temperature gradient is large (Λ = 50 K/mm), the difference between the two method is significant. The results predicted by the probabilistic model show that the higher the temperature gradient, the faster the conversion rate. The results predicted by the Monte Carlo method are as follows: when α ≤ 0.5 + ε (ε is a small number), the higher temperature gradient leads to a higher crystallization conversion rate; when α > 0.5 + ε, the higher temperature gradient decreases the crystallization rate significantly. As can be seen from Figure 2 , this partition point is due to the temperature gradients. At higher temperature gradients, the colder part on the left is conducive to crystallization, whereas the hotter part on the right is not conducive to crystallization. Thus, a generally higher temperature gradient is not conducive to the overall crystallization conversion when the central temperature is set as T 0 = 120 • C. . 0 , the higher temperature gradient decreases the crystallization rate significantly. As can be seen from Figure 2 , this partition point is due to the temperature gradients. At higher temperature gradients, the colder part on the left is conducive to crystallization, whereas the hotter part on the right is not conducive to crystallization. Thus, a generally higher temperature gradient is not conducive to the overall crystallization conversion when the central temperature is set as 
Nucleation Density Obeys a Linear Relationship with the Normal Growth Rate
We now give the case in which the nucleation density obeys a linear relationship with the normal growth rate, namely,
Here, n G is the normal growth rate of the crystals and B is a constant. This nucleation is related to the isokinetic case. Figure 4 , when the nucleation density has a linear relationship with the normal growth rate, it is more affected by temperature. Under the temperature gradient cases, the nucleation density on the left, which is the colder side, is larger than that on the right, which is the hotter side. This indicates that the nucleation density is non-uniform in this case. The larger the temperature gradient, the stronger the non-uniformity. Similar to Figure 2 , we conclude that the higher the temperature gradient, the faster the crystallization rate of the colder left side but the lower the crystallization rate of the hotter right side. The increase in temperature gradient cannot increase the crystallization rate throughout the sample. 
We now give the case in which the nucleation density obeys a linear relationship with the normal growth rate, namely, D = B × G n . Here, G n is the normal growth rate of the crystals and B is a constant. This nucleation is related to the isokinetic case. Figure 4 displays the Monte Carlo results of the crystal morphology with nucleation densities of D = 100/mm 2 and D = 1000/mm 2 . In order to achieve D = 100/mm 2 , B = 1.33 × 10 5 in the isothermal case and the Λ = 10 K/mm case, whereas B = 10 5 in the Λ = 50 K/mm case. In order to achieve D = 100/mm 2 , B = 1.33 × 10 5 in the isothermal case and the Λ = 10 K/mm case, whereas B = 0.9 × 10 6 in the Λ = 50 K/mm case. As shown in Figure 4 , when the nucleation density has a linear relationship with the normal growth rate, it is more affected by temperature. Under the temperature gradient cases, the nucleation density on the left, which is the colder side, is larger than that on the right, which is the hotter side. This indicates that the nucleation density is non-uniform in this case. The larger the temperature gradient, the stronger the non-uniformity. Similar to Figure 2 , we conclude that the higher the temperature gradient, the faster the crystallization rate of the colder left side but the lower the crystallization rate of the hotter right side. The increase in temperature gradient cannot increase the crystallization rate throughout the sample. Figure 5 gives the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the probabilistic model. It is obvious that there are some differences between the results predicted by the two methods even at the lower temperature gradient (Λ = 10 K/mm), let alone at the higher temperature gradient (Λ = 50 K/mm). It should be pointed out that in Figure 5a , there is some divergence between the results of the Monte Carlo method and those of the probabilistic model in the isothermal case. This error is caused by the Monte Carlo method. The results of the Monte Carlo method are based on the law of large numbers. In the case of D = 100/mm 2 , the nucleation number is small, and thus the error of the Monte Carlo method is relatively larger. However, this error becomes smaller in the D = 1000/mm 2 case, as shown in Figure 5b . Compared with Section 3.1.1, in this case, the nucleation density is no longer uniformly distributed in space and thus the probabilistic model performs poorly. Figure 5 gives the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the probabilistic model. It is obvious that there are some differences between the results predicted by the two methods even at the lower temperature gradient ( mm K / 10 = Λ ), let alone at the higher temperature gradient ( mm K / 50 = Λ ). It should be pointed out that in Figure 5a , there is some divergence between the results of the Monte Carlo method and those of the probabilistic model in the isothermal case. This error is caused by the Monte Carlo method. The results of the Monte Carlo method are based on the law of large numbers.
In the case of Figure 5 gives the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the probabilistic model. It is obvious that there are some differences between the results predicted by the two methods even at the lower temperature gradient ( mm K / 10 = Λ ), let alone at the higher temperature gradient (
mm K / 50 = Λ
). It should be pointed out that in Figure 5a , there is some divergence between the results of the Monte Carlo method and those of the probabilistic model in the isothermal case. This error is caused by the Monte Carlo method. The results of the Monte Carlo method are based on the law of large numbers.
In the case of 
Nucleation Density Obeys an Exponential Relationship between Temperatures
We assume the nucleation density and temperature satisfy an exponential relationship as shown in Equation (9). This is the empirical formula summarized from the experiment. Figure 6 shows the crystal morphology predicted by the Monte Carlo method with the central temperatures set as T 0 = 125 • C and T 0 = 120 • C. Compared with the above two cases, the spatial uniformity of nucleation density is lower under temperature gradients. The existence of temperature gradients makes the colder left side conducive to nucleation and growth, whereas the hotter right side Crystals 2019, 9, 538 8 of 13 not conducive to nucleation and growth. Therefore, a higher temperature gradient cannot improve the overall crystallization rate.
We assume the nucleation density and temperature satisfy an exponential relationship as shown in Equation (9) . This is the empirical formula summarized from the experiment. Figure 6 shows the crystal morphology predicted by the Monte Carlo method with the central . Compared with the above two cases, the spatial uniformity of nucleation density is lower under temperature gradients. The existence of temperature gradients makes the colder left side conducive to nucleation and growth, whereas the hotter right srature gradient cannot improve the overall crystallization rate. Figure 7 , there is a big gap between the Monte Carlo method and the probabilistic model in the case of Λ = 10 K/mm and Λ = 50 K/mm at both central temperatures. These differences are more pronounced than those in the first (Section 3.1.1) and the second (Section 3.1.2) cases. 
Discussion and Solution
Discussion
From the three cases of distribution of the nucleation density in Section 3.1, we find that under the large temperature gradient, the probabilistic model cannot predict the right conversion degree 
Discussion and Solution
Discussion
From the three cases of distribution of the nucleation density in Section 3.1, we find that under the large temperature gradient, the probabilistic model cannot predict the right conversion degree of the melt into spherulites for the whole part. Moreover, with the increasing non-uniformity of the nucleation density in space, the prediction becomes progressively worse. How can this be overcome? An intuitive idea is to divide the whole sample into several parts. In this way, the non-uniformity of the nucleation density is reduced in the small parts. Furthermore, the temperature difference in the small part is low, which reduces the growth anisotropy of the spherulite. Here, we introduce this method and discuss whether it can be used.
The conversion degree of the melt into spherulites for the whole sample using the Monte Carlo method is given in Equation (12) . Here, we divide the sample into m equal parts on the x-axis. Assuming the number of cells that are occupied by spherulites in each part are N 1 , . . . , N m , we obtain the following conversion degree equation:
where N total is the total cell number. Equation (13) can be also written as
with α i (α i = N i N total /m ) the conversion degree in the ith part (i = 1, · · · , m). Therefore, the conversion degree of the melt into spherulites in the whole sample can be regarded as the average value of the conversion degree in each small part. The conversion degree in each small part can be approximated by the Avrami equation, which is
with α f i the "extended volume" in the ith part. Thus, the probabilistic model for calculating the conversion degree of the whole sample can be written as
For the higher temperature gradient case, there are big differences between α f 1 and α f m : when α f 1 is large ( α 1 → 1 ), α f m maybe 0 (α m ≈ 0). Therefore, these differences will be reflected in the overall crystallization conversion. We call Equation (16) an average probabilistic model which means we first divide the product into m parts and use the probabilistic model separately for each part. We then calculate the average to obtain the mean conversion degree of the melt into spherulites in the whole sample.
Why can we not use the probabilistic model (Avrami equation) directly for the inhomogeneous system?
If we use the probabilistic model (Avrami equation) directly, we have
Here, m reflects the difference between the area of the small part and that of the whole sample. In Equation (17), if α f i is very large, then α → 1 . Therefore, the conversion degree directly predicted by the probabilistic model is faster than that for real crystallization.
Performance of the Average Probabilistic Model
We now examine the performance of the average probabilistic model under three nucleation density distributions. Here, we set m = 6.
Nucleation Density Obeys Uniform Distribution Figure 8 plots the conversion degree of the melt into spherulites between the Monte Carlo method and the average probabilistic model with D = 100/mm 2 and D = 1000/mm 2 where the nucleation density obeys uniform distribution. It is clear that the performance of the average probabilistic model is satisfied when the temperature gradient is less than Λ = 50 K/mm.
Here, m reflects the difference between the area of the small part and that of the whole sample. In Equation (17), if fi α is very large, then 1 → α . Therefore, the conversion degree directly predicted by the probabilistic model is faster than that for real crystallization.
We now examine the performance of the average probabilistic model under three nucleation density distributions. Here, we set m = 6. Nucleation Density Obeys a Linear Relationship with the Normal Growth Rate Figure 9 shows the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the average probabilistic model when nucleation density obeys a linear relationship with the normal growth rate: D = B × G n . Here, the value of B is the same as in Section 3.1.2. As can be seen from the figure, the average probabilistic model shows good agreement with the Monte Carlo method when the temperature gradient less than Λ = 50 K/mm. 3.2.2.3. Nucleation Density Obeys an Exponential Relationship between Temperatures Figure 10 displays the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the average probabilistic model under the condition that the nucleation density obeys an exponential relationship between temperatures. It is obvious that the Nucleation Density Obeys an Exponential Relationship between Temperatures Figure 10 displays the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the average probabilistic model under the condition that the nucleation density obeys an exponential relationship between temperatures. It is obvious that the average probabilistic model also does a good job. Figure 10 displays the comparison of the conversion degree of the melt into spherulites between the Monte Carlo method and the average probabilistic model under the condition that the nucleation density obeys an exponential relationship between temperatures. It is obvious that the average probabilistic model also does a good job. 
Nucleation Density Obeys Uniform Distribution
Nucleation Density Obeys an Exponential Relationship between Temperatures
Effects of Division Number m on the Conversion Degree When Using the Average Probabilistic Model
As shown in Section 3.2.2, the average probabilistic model performs well in predicting the crystallization conversion for three nucleation density distributions when m = 6. We now examine the effects of the division number m.
It is noted that the probabilistic model is still used to calculate the conversion degree of the melt into spherulites in a small part. However, there are still differences in temperature in this small area. If the differences are large, the non-uniformity of the nucleation density and the anisotropy of the growth of spherulites will lead to an inaccurate result. The appropriate choice of the division number, m, is therefore important.
We only consider the case when the nucleation density obeys an exponential relationship between temperatures because it is more relevant to the industry.
We define the following error, namely,
Here, α AP is the conversion degree of the melt into spherulites predicted by the average probabilistic model, α MC is the conversion degree of the melt into spherulites predicted by the Monte Carlo method, and t end is the crystallization time. Table 1 shows the L 1 − error with different temperature gradients and different division numbers, m, at the central temperature T 0 = 120 • C. The crystallization time is set to t end = 90 s. It can be seen that the L 1 − error decreases with increasing division number, m. In fact, with the increase of the division number, m, the temperature difference in the small part decreases. This reduces the non-uniformity of the nucleation density and the growth anisotropy of the spherulites. Thus, the probabilistic model in the small part becomes more accurate. If the L 1 − error remains within 5%, the division number, m, should be at least 2 in the case of Λ = 10 K/mm and at least 3 in the case of Λ = 20 K/mm ∼ 50 K/mm. It should be pointed out that the minimum division number, m, is related to the overall size of the sample, the central temperature, and the temperature gradients. Table 2 lists the L 1 − error values of the average probabilistic model with different central temperatures and temperature gradients when m = 6. The crystallization time are t end = 300 s, 90 s, 60 s, 60 s when T 0 = 125 • C, 120 • C, 115 • C, 110 • C, respectively. It can be seen from Table 2 that when the central temperature T 0 ≤ 125 • C and the temperature gradient Λ ≤ 50 K/mm, the L 1 − error is less than 2%. Thus, in this study, when m = 6, the good solution is obtained. 
Conclusions
We have conducted a thorough investigation of the probabilistic model under temperature gradients. The polymer iPP was chosen as a model polymer with which to study the performance of the probabilistic model in predicting the overall crystallization kinetics compared with the Monte Carlo method. Conclusions are drawn as follows:
(1) For parts with large temperature gradients and large temperature differences, the correct solution cannot be obtained by using the probabilistic model directly. In fact, the model is greatly affected by the non-uniformity of the nucleation density. The more non-uniform the nucleation density distribution, the worse the prediction of the conversion degree by the probabilistic model. Besides, a large temperature gradient and a large temperature difference increase the growth anisotropy of the spherulites, and thus the predictions of the probabilistic model become worse.
(2) The average probabilistic model gives better results than the probabilistic model used directly. The larger the division number, the better the effect of the average probabilistic model because the non-uniformity of the nucleation density and the growth anisotropy of the spherulites are reduced.
We hope this study will give more insight into the understanding of the crystallization kinetics model under temperature gradients. 
